INTRODUCTION
In a communication network, the vulnerability measures the resistance of the network to disruption of operation after the failure of certain stations or communication links. If we think of a graph as modeling a network, we have two fundamental questions in the analysis of the graph vulnerability. These questions are (i) how many vertices can still communicate? and (ii) how difficult is it to reconnect the graph? In order to obtain the answers of these questions, many graph theoretical parameters are defined. Most studied and best known parameters in graph theory are connectivity, binding numbers, throughness, integrity and neighbour integrity [3,4,7,9-1 11. In this paper we discuss Neighbour Integrity which is a measure of the vulnerability of graphs to disruption caused by the removal of vertices and all of their adjacent vertices. The concept of Neighbour-integrity was introduced as a measure of graph vulnerability by Margaret B. Cozzens and Shu-Shih Y. Wu [4] .
Let G be a graph and u be any vertex in G. ~2 , . . . , u,) is called a vertex subversion strategy of G if each of the vertices in S has been subverted from G. Let G / S be the survival-subgraph left after each vertex of S has been subverted from G. The Neighbour-integrity of a graph G, NI(G), is defined to be sCV(G) where S is any vertex subversion strategy of G, and c(G/S) is the maximum order of the components of G / S [4, 7] . Cozzens and Wu [4, obtained several results on the neighbour integrity. In Section 2 known results on the neighbour-integrity and some definitions are given. Section 3 and Section 4 gives some results on the neighbour-integrity of total graphs. The notations used in this paper are same as in [lo] .
BASIC RESULTS
In this section we will review some of the known results.
THEOREM 1 [4, 7] The neighbour-integrity of (a) the complete graph Kn is 1 (b) the path Pn is (c) the cycle C, is (a) The size of a maximum matching in G is an upper bound for NZ (G). (b) The independence number of G is an upper bound for NZ(G). (c) NZ(G) = 1 i f and only i f G contains a spanning subgraph that is a star or G is a set of isolated vertices.
THEOREM 3 [7] I f k is any integer, where 1 5 k 5 r 2-1 -4, then there is a tree T of order n such that NZ(T) = k.
Let V ( G ) and E(G) be sets of vertices and edges of graph G, respectively.
DEFINITION 1 The points and lines of a graph are called its elements. Two elements of a graph are neighbours if they are either incident or adjacent. The total graph T ( G ) has point set V ( G ) U E(G), and two points of T(G) are adjacent whenever they are neighbours in G.
such that every edge of G has at least one end in S is called a covering of G. The number of vertices in a minimum covering of G is the covering number of G and is denoted by a(G).
BOUNDS ON THE NEIGHBOUR-INTEGRITY OF TOTAL GRAPHS
In this section we give some bounds involving neighbour-integrity of total graphs and covering number of a graph G.
THEOREM 4 Let S be a subset of V ( G ) such that IS/ + c(G/S)= NZ(G).
(a) I f S is a minimum covering set, then NZ(T(G)) = a(G).
That is, each one of edges of G is incident to at least one of vertices of S and these edges correspond to vertices of T(G). Then if we remove the vertices of S from graph T(G), we have c(T(G)/S)=O and The proof is completed.
Next consider the star graph K I P , with n + I-vertices (Fig. 1) . Let x l , x z , . . . , x, be the vertices with one degree in K1,,. If we add only one edge to at least two vertices X I , x2,. . . , x,, then the new graph is called K l , , + te where t 2 2 and rn 1 2n + 1 (Fig. 2) .
Moreover we easily seen that cr(Kl,, + te) > 2 and this graph is a tree.
Next we give a result about the neighbour integrity of a total graph of a tree T. Case 2 If IS( = 1 and c(T/S) = 1, then graph T is isomorphic to the graph Kl,,+te where t 2 2 and a ( T ) > 2 (Fig. 2) . Let x,+~ be a vertex with maximum degree in K,,, + te. Now consider the graph T ( K 1 , + te). If we remove only vertex x , +~ from graph T ( T ) , then we have at least two components with two vertices. so N I ( T ( T ) )
The proof is completed.
THEOREM 6 I f G be a graph with a ( G ) = 1 , then NI(T(G)) = 1.
Proof If a ( G ) = 1, then G contains a spanning subgraph that is a star. Then the graph T(G) contains always a spanning subgraph that is a star. So NI(T(G)) = 1 by Theorem 2(c).
THE NEIGHBOUR-INTEGRITY OF SOME TOTAL GRAPHS
In this section the neighbour integrity of total graphs of graphs P,, C ,
, K2 x P, and K2 x C, are calculated.
THEOREM 7 Let P, be a path graph with n vertices. Then NI(T(P,)) = r 2 d m 1 -6 for every n 2 1 1 .
Proof If we remove r vertices from T(P,), then one of the remaining connected components has at least ((2n -1 -5r)/(r + 1)) vertices. Since ((2n -1 -5r)/(r + 1)) 2 ' 0, then r must be at most ((2n -1)/5). So
2n -1 NI(T (P,)) 2 min, r + { r + l where r 5 -5 .
The function r+ ((2n -1-5r)/(r+ 1) ) takes its minimum value at r = -1 + 4and since -1 + 5 ((2n -1)/5) we have n 2 2112.
Consequently NI(T (P,)) = 2 J m -6 for every n 2 11.
Since the neighbour integrity is integer valued, we round this up to get a lower bound and NI(T (P,)) = [2d-1 -6 for every n > 11.
This completes the proof.
Moreover the values of NZ(T(P,)) for n 5 10 are in the following Table I. THEOREM 8 Let C, be a cycle graph with n vertices. Then NI(T (C,)) = [2&1 -5 for every n 2 18.
Proof If we remove r vertices from T(P,), then one of the remaining connected components has at least ((2n -5r)lr) vertices. Since ((2n -5r)lr) > 0, then r must be at most 4 3 . So n { 2n -5 r } where r 5 -NI(T (C,)) > min, r + -3
The function r + ((2n -5r)lr) takes its minimum value at r = 6 and since 6 I ( n / 3 ) , we have n 2 18. Consequently, NI(T (C,)) = [2&1 -5 for every n > 18.
Moreover the values of NI (T(C,) ) for n 5 17 are in the following Table 11 . (T(P,,) ) for n 5 10 NZ(T(C,) ) for n 5 17 DEFINITION 3 The (Cartesian) product Gl x G2 of graphs G1 and G2 has V(Gl) x V(G3 as its vertex set and (u1,u2) is adjacent to (vl, v2) if either ul = vl and u2 is adjacent to v2 or u2 = v2 and ul is adjacent to v l .
Next we give the neighbour integrity of total graphs of graphs K2 x P, and K2 x C,.
NI(T (K2 x P,)) = r2d-1 -8 for every n > 9
Proof If we remove r vertices from graph T(K2 x P,), then one of the remaining connected components will have at least ((5n -2 -7r)/(r + 1)) vertices. Since ((5n -2 -7r)/(r + 1)) > 0, then r must be at most ((5n -2)/7). So
where r 5 -7 .
The function r + ((5n -2 -7r)/(r + 1)) takes its minimum value at r = -1 + and since -1 + d m 5 ((5n -2)/7), we have n > 9.
Consequently, This completes the proof.
Moreover the values of NZ(T(K2 x P,)) for n 58 are in the following Table 111 .
NI(T (KZ x C,)) = [ 2 m l -7 for every n > 10. NZ(T[K2 x P,) ) for n 5 8
Proof Consider the graph K2 x Cn and let u and v be edges as the following Figure 3 .
These edges correspond to two vertices of graph T (K2 x C,) , say u' and v'. If we remove the vertices u' or v ' from graph T (K2 x C,) , then the remaining graph is T (K2 x P,-l) . So we have and by using Theorem 9
Next we will show that NI(T (K2 x C,)) 2 1 2 6 1 -7 . Consider the graph T (K2 x C,) . If we remove r vertices, then one of the remaining connected components will have at least ((5n -7r)lr) vertices. Since ((5n -7r)lr) 2 0 , then r must be at most (5n/7). So 5n { 5 n ; 7 r ) w h e r e r < -NI(T (K2 x C , ) ) 2 min, r + ---
7
The function r + ((5n -7r)lr) takes its minimum value at r = 6 and since 6 < (5n/7), we have n 2 10. Then NI(T (K2 x C , ) ) 2 [ 2 6 ) 1 -7 for every n 2 10 This completes the proof.
Moreover the values of NI(T (K2 x C,) ) for n 5 9 are in the following Table IV . (T(K2 x C,) ) for n 1 9
